Forty-three years ago, Kok and coworkers introduced a phenomenological model describing period-four oscillations in O 2 flash yields during photosynthetic water oxidation (WOC), which had been first reported by Joliot and coworkers. The original two-parameter Kok model was subsequently extended in its level of complexity to better simulate diverse data sets, including intact cells and isolated PSII-WOCs, but at the expense of introducing physically unrealistic assumptions necessary to enable numerical solutions. To date, analytical solutions have been found only for symmetric Kok models (inefficiencies are equally probable for all intermediates, called "S-states"). However, it is widely accepted that S-state reaction steps are not identical and some are not reversible (by thermodynamic restraints) thereby causing asymmetric cycles. We have developed a mathematically more rigorous foundation that eliminates unphysical assumptions known to be in conflict with experiments and adopts a new experimental constraint on solutions. This new algorithm termed STEAMM for S-state Transition Eigenvalues of Asymmetric Markov Models enables solutions to models having fewer adjustable parameters and uses automated fitting to experimental data sets, yielding higher accuracy and precision than the classic Kok or extended Kok models. This new tool provides a general mathematical framework for analyzing damped oscillations arising from any cycle period using any appropriate Markov model, regardless of symmetry. We illustrate applications of STEAMM that better describe the intrinsic inefficiencies for photon-to-charge conversion within PSII-WOCs that are responsible for damped period-four and period-two oscillations of flash O 2 yields across diverse species, while using simpler Markov models free from unrealistic assumptions.
Introduction
In oxygenic photosynthesis, water is oxidized by the Photosystem II (PSII) water-plastoquinone (PQ) oxidoreductase. Following the absorption of visible light, charge separation occurs at the P 680 chlorophyll-a (Chl-a) special pair, resulting in the sequential one-electron transfers to pheophytin (Pheo), the tightly bound (primary) PQ acceptor, Q A , and the labile (secondary) PQ acceptor, Q B . The latter reduction is proton-coupled and occurs twice to form plastoquinol (PQH 2 ) B , which diffuses from the binding pocket and is replaced with an oxidized PQ [1, 2] . The remaining P 680 + species has sufficient oxidizing potential (1.2-1.3 V [3] ) to remove one electron from the Mn 4 CaO 5 water-oxidizing complex (WOC) via a conserved redox active tyrosine residue, D1-Tyr161 (Y Z ). Following four sequential charge separations and WOC oxidations, two molecules of water are oxidized to form one molecule of O 2 and two molecules of PQH 2 (Eq. 1).
When short (ns-μs scale) flashes of light are used to excite dark-adapted PSII, O 2 is released in greatest yield on the third flash and follows a damped period-four oscillatory pattern [4] . To rationalize this observation, Kok and coworkers posited a mechanism in which each PSII operated independently to accumulate four electron holes in a single redox center (WOC catalyst) [5, 6] . The intermediate oxidation states of the PSII WOC were denoted S n (n = 0, 1, 2, 3, 4). The S 0 and S 1 state were described as dark stable, thus allowing samples to be synchronized through several minutes of dark adaptation. Three sequential single turnover flashes advance the centers from S 1 (S 0 ) to S 4 (S 3 ). Only the S 4 state spontaneously decomposes to release O 2 and form S 0 (Fig. 1) . In an ideal Kok system, O 2 is released on flash numbers 3 + 4n (n = 0, 1, 2,…).
The damping of the oscillations in O 2 evolution in real systems is attributed to inefficiencies of PSII in the water oxidation cycle (period-four) [5] and to restricted flux through Q A Q B (the two-electron gate) [7] . Jablonsky and Lazar have successfully modeled this phenomenon using experimental and theoretical rate constants of intermediate S-state transitions [8] . In addition, the sharing of holes between individual reaction centers within the dimeric PSII complex has been postulated to give rise to O 2 on the second flash, prior to accumulation of four holes per individual PSII [9] . This could lead to deviations from the period-four oscillations indicative of isolated reaction centers. The classic Kok model quantifies the inefficiencies with two empirical parameters: misses (α: S n + hν → S n ) and double hits (β: S n + hν → S n + 2 ) [5] . By recognizing that the Kok model is a Markov process (i.e. a stochastic, memory-less sequence), experimental data of all kinds have been readily fit by iterative (recursive) mathematical algorithms [10, 11] . Prior applications of the Kok model have included period-four oscillations in chlorophyll absorbance [12, 13] , proton stoichiometry and kinetics [14, 15] , chlorophyll fluorescence [16, 17] , Mn electron paramagnetic resonance signal [18] , Mn ultraviolet absorbance [19, 20] , magnetic susceptibility [21] , and substrate water exchange rates [22] , among others.
The classic Kok model has been extended since its inception to improve fits to experimental data. These extensions have included additional S-states to represent the spectroscopically observed S −1 state [23] and an inactivated state S ε (accessed with probability ε) [24] . A backward transition parameter, δ, was introduced to account for the spontaneous decay of S 3 and S 2 [25] .
Shinkarev first introduced an analytical solution to the classic Kok model [26] . Later, he developed an analytical solution to an extended Kok model that included the S ε state (accessed with equal probability from all S-states) and δ parameters for all S n (n = 0, 1, 2, 3) [27] . The mathematical methods employed in both of these solutions are facilitated by circulant transition probability matrices, making eigenvalues and eigenvectors readily accessible [28] . The availability of an analytical solution permits standard regression methods to be used to fit experimental data.
The efficiency of WOC cycling can be assessed without modeling by taking the Fourier transform (FT) of the oscillatory trace. The real component of the FT function is an approximate Gaussian function centered at frequency, ν > 0.25 cycles . The FT period, T FT , is defined as the inverse of the frequency value with maximum Fourier amplitude. T FT can readily be related to the phase of the original function, φ FT , as shown in Eq. 2.
This model-independent parameter has been used to quantify the efficiency of WOC cycling in flash O 2 evolution [29] and variable Chl-a fluorescence yield [29] [30] [31] [32] [33] .
If the eigenvalues of a specific Kok model's transition probability matrix are known, period and phase can be calculated (denoted herein as T calc and φ calc , respectively) as a function of the fitted inefficiency parameters (α, β, etc.) [26, 27] . To date, this has only been possible for symmetric Kok models.
However, the current understanding of WOC thermodynamics and kinetics predicts that the natural system does not follow symmetric behavior. For example, only S 3 and S 2 undergo δ transitions [34, 35] ; S 1 and S 0 are dark stable. If the extended Shinkarev model [27] is amended to account for asymmetric δ transitions, the transition probability matrix is no longer circulant, and the mathematical methods previously employed are insufficient to arrive at an analytical solution and T calc .
Herein, we introduce a novel application of matrix analysis methods that allows analytical solutions to be accessed from non-circulant, thermodynamically reasonable Kok models. We show that a diverse range of experimental data can be fit with good precision using fewer total parameters than previous fully extended models. In addition, our updated model predicts period with high accuracy when compared to model-independent Fourier transform analysis. 
Materials and methods
Flash O 2 yields were measured amperometrically using a homebuilt Clark electrode (membrane-covered Pt-Ir electrode) as previously described [36] . A red LED (6,200 μE m − 2 s − 1 , λ max = 627 nm) was used to generated flashes. Detailed experimental methods for all data sets are described in Supplementary data. Data from Forbush et al. [5] on spinach chloroplasts were simulated using fitting parameters from Shinkarev [27] . Arthrospira maxima (A. maxima) was grown in Zarrouk medium as previously described [30] . Gloeobacter violaceus PCC 7421 (G. violaceus) was grown in BG-11 medium at 10 μE m − 2 s − 1 .
Full oscillating traces of flash O 2 yield were normalized to achieve a steady-state value of 0.25. Fittings were determined by minimizing an objective function proportional to the mean-square deviation from the experimental curve using either the BOBYQA [37] or COBYLA [38] algorithm in the NLopt non-linear optimization package [39] , or through classical simulated annealing [40] . The goal of all of the methods employed is to minimize an objective function, J, defined as the square difference between a fitting function, f(n) and experimental data, f′(n):
3. Results and discussion
Analytical determination of the transition eigenvalues for non-circulant Kok models
Consider a transition probability matrix A for a Kok model defined by a set of transition probabilities {A ij }, where A ij is the probability of transitioning to state S i from state S j following a single turnover flash. Note that conservation of matter requires
where N S is the number of intermediates (S-states) in the model. For example, the transition probability matrix for the original Kok model [5] is given by
where α + β + γ = 1, where γ is the "hit" parameter (S n + hν → S n + 1 ). Following the analysis by Shinkarev [26] , the vector S(n) of S-state populations after turnover flash n is
where P is a matrix consisting of the eigenvectors of A [28] , and Λ is a diagonal matrix with the eigenvalues of A providing the nonzero entries. In principle, Eq. 6 constitutes a complete solution to the Kok model for S-state transitions; however, the utility of this approach is limited by the ability to analytically determine the eigenvectors and eigenvalues of the transition matrix A. Of particular interest is the set of eigenvalues {λ j } of A, which generally includes one or more pairs of complex conjugate eigenvalues that are responsible for the signature oscillatory behavior of oxygen evolution following single turnover flashes [26, 27] . Specifically, if the model contains a pair of complex conjugate eigenvalues, the period T of these oscillations is given by [26, 27] T calc ¼ 2π=φ calc ð7Þ
where φ calc , denoted the phase, is the argument of a complex eigenvalue λ = u + iv:
The transition matrix A for the traditional Kok model is an example of a so-called circulant matrix, defined by [41] A
The eigenvalues and eigenvectors of circulant matrices are well known (see, e.g., Ref. [42] ). The eigenvectors {v j } are given by
where ω j = exp(2πij/N) is the Nth root of unity and i is the imaginary unit. The eigenvalues {λ j } of a circulant matrix are then given by
where A 1 is the vector formed from the first row of the circulant matrix A and (⋅,⋅) R denotes the dot product between two complex d-dimensional vectors:
Because the eigenvectors and eigenvalues for the traditional and extended Kok models studied previously by Shinkarev [26, 27] are readily available, analytical solutions for these models, including the periods of oscillations, are straightforward. Here we extend the Shinkarev analysis to more complex Kok models with transition matrices that are non-circulant, which until now has precluded an analytical determination of the eigenvalues and eigenvectors.
Decompose the transition matrix A into the sum of a circulant matrix A 0 and a non-circulant "perturbation" matrix E:
The eigenvalues {λ j } and eigenvectors {v j } of A 0 are known from Eqs. 10-11 above. Importantly, the eigenvectors of A 0 are linearly independent and orthogonal and therefore span complex N S -dimensional space, implying that any eigenvector η of A can be written as a linear combination of the eigenvectors of A 0 :
where b j is an undetermined expansion coefficient. The eigenvalue ρ corresponding to the eigenvector η is by definition,
Taking the inner product of both sides of Eq. 15 with another eigenvector v k of A 0 yields the following set of nonlinear equations in the unknowns {b j ; ρ}:
is the Euclidean inner product of two complex vectors c and d. The set of Eqs. 14-17 is only weakly nonlinear with coupling between b k and ρ and can be solved analytically for many models for which the characteristic equation for A is otherwise intractable. Note in particular that we can without loss of generality set b k = 1 for some choice of k, thereby reducing the number of unknown variables from N S + 1 to N S , permitting a complete determination of both the eigenvalues and eigenvectors of the full transition matrix A. As expected, the eigenvalues ρ will generally be small perturbations of the circulant eigenvalues {λ j } based on the spectrum of the perturbation matrix E. However, the eigenvectors η of A will generally involve substantial mixing of the circulant eigenvectors {v j } even when the spectral radius of E is not large [41] . If, however, we are only interested in finding the eigenvalues ρ, which can be used for analytical determinations of the period of experimental oscillations, of the transition matrix A, yet another approach is available that circumvents calculation of the coefficients. Defining the vector b = [b k ] and the matrices
, the Eq. 16 can be rewritten as
It is then a necessary and sufficient condition for a nontrivial solution of Eq. 18 to exist that
which is a polynomial equation in the eigenvalues ρ [28] . Although in principle this polynomial is of the same order as the characteristic equation for A, our calculations suggest that the solution of Eq. 19 may be computationally less intensive for many models.
Numeric solutions for non-circulant Kok models
Consider the transition probability matrix, A, of the VS2 model shown in Fig. 1 , which differs in only two elements from the extended Shinkarev (VS) model.
Removal of the δ parameter for the S 0 → S 3 and S 1 → S 0 better reflects the thermodynamics of WOC cycling, but breaks the symmetry of the model. In order to determine an analytical solution for this model, we introduce a novel mathematical method termed STEAMM for S-state Transition Eigenvalues of Asymmetric Markov Models. Note that for asymmetric Kok models, γ is not constant. Conservation of matter dictates that γ 0 = γ 1 = 1 − α − β − ε and γ 2 = γ 3 = 1 − α − β − δ − ε. However, by applying the approach described in the previous section, matrix A representing VS2 can be decomposed into 
The eigenvalues can now be readily accessed using Eq. 19.
Thus, the phase of the model is
The population passing through the S 3 → S 0 transition on a given flash number n determines the yield of O 2 evolution (Y O 2 ):
An extension of this method to a more complex model is provided in Appendix A.
Comparison of non-linear optimization methods
Data from Forbush et al. [5] were numerically fit using STEAMM to the VZAD model (Eqs. 23-27) using three distinct non-linear optimization algorithms: BOBYQA [37] , COBYLA [38] , and simulated annealing [40] . While the computing time varied significantly between the three methods (b1 s for BOBYQA,~3 s for COBYLA, and 490 s for simulated annealing), the fitted data (Fig. 2) and parameters (Table S1 ) were identical to three significant figures. Given the high degree of agreement between the methods, BOBYQA was used for all further analyses due to its rapid process time.
Data fittings to symmetric and asymmetric Kok models
Three distinct data sets from diverse organisms were selected for comparisons of symmetric and asymmetric Kok models. First, the original data of flash O 2 oscillations from isolated spinach chloroplasts measured using a bare platinum electrode by Forbush et al. [5] were fit to the classic Kok model, extended Shinkarev 2005 [27] (VS), reduced Shinkarev (VS2), and VZAD. As shown in Fig. 3 , all four models provide reasonably precise fits. The simple Kok model is least precise (largest residuals (Fig. 3A) and largest minimized energy (Eq. 3, Fig. 3B and Table S2)). As expected, the classic Kok model does not capture the small amplitude oscillations of period-two (see residuals plot in Fig. 3A ), attributable to either the different electron fluxes through or recombination from Q A Q B [7] , or to hole transfer on the donor side between reaction center monomers within dimeric PSII complexes [9] . The remaining three models result in practically identical degrees of fitting precision. The accuracy of the fits was analyzed by comparing the calculated period, T calc (e.g. Eqs. 7-8 for the classic Kok model), to the readily accessible Fourier transform period, T FT (Eq. 2). As shown in Fig. 3B , VS, VS2, and VZAD models produce significantly more accurate fittings of the experimental data than the classic Kok model. Next, we considered whole A. maxima cells as they produce maximal O 2 yield over the widest flash frequency range of any oxygenic phototroph [30] . Here, the use of whole cells and a membrane covered (Clark) electrode introduces diffusion delays relative to the isolated chloroplast data recorded on a bare platinum electrode (Figs. 1-2) . Oscillations in O 2 yield from A. maxima cells were analyzed using the same set of models (Fig. 4A) . Again, the classic Kok model failed to fit the data with high precision or accuracy (Fig. 4B, Table S3 ). The residuals are similar over 30 flashes for all of the models, indicating that none of the models fully captures all of the reaction details, in particular, the small amplitude oscillations of period-two from flash 20 to 30 (see residuals plots in Fig. 4A) , attributable to the different electron fluxes through or recombination from Q A Q B [7] or to hole transfer on the donor side between reaction center monomers within dimeric PSII complexes [9] .
To challenge our STEAMM method, we next fitted highly damped oscillations from whole G. violaceus cells, which unlike the previous examples has peak O 2 evolution on flash number 4, not 3. G. violaceus is the only known oxygenic phototroph in which photosynthetic and respiratory complexes are located in the plasma membrane, thus coupling plastoquinone reduction by PSII with other reductant pathways [43] . The classic Kok model could not satisfactorily fit the experimental data as demonstrated by visual inspection (Fig. 5A) and the large calculated accuracy and precision parameters (Fig. 5B and Table S4 ). Both the VS2 and VZAD models performed slightly better in terms of accuracy than VS.
Dependence of number of variables on fitting accuracy and precision
The transition probability matrices, A, for Kok, VS, VS2, and VZAD models (Fig. 1) vary significantly in their complexity as defined by N r , the number of distinct reactions per model. The VS model (N r = 20) is vastly superior to the Kok model (N r = 12) in terms of fitting data with high accuracy and precision (Figs. 3-5) . Interestingly, when unreasonable backward (δ) transitions are removed to generate the VS2 model (N r = 18), no significant loss in accuracy or precision is observed. Furthermore, when inactivation (ε) transitions that are universally applied to all S-states in the latter models are reduced to generate the VZAD model (N r = 16), fits are quite comparable to both VS and VS2.
We propose that the fully symmetric VS model is overdeveloped in its level of complexity. By systematically reducing the number of elements in A based on known PSII WOC chemistry, we have generated simpler models that fit data with high accuracy and precision using fewer variables.
Conclusions
Herein, we have described a general mathematical strategy for obtaining the eigenvalues of asymmetric Markov chains and applied this to physically realistic "Kok models." Using the STEAMM method, experimental data can be analytically fit and resulting accuracy and precision quantified. No study on the modeling of period-four Table  S1 . Experimental conditions are summarized in Table S1 legend. Table S2 . Experimental conditions are summarized in Table S1 legend.
oscillations in photosynthetic water oxidation to date has considered the accuracy index (comparison of T calc to T FT ) of various Kok models. With this method and data in hand, we show that the classic Kok model is insufficient to fit experimental data in terms of both accuracy and precision. While symmetrical models such as VS often provide adequate fits, the inclusion of transition probability matrix elements that are known to be thermodynamically unreasonable excludes such models from being directly applicable to real systems. The asymmetric models VS2 and VZAD both fit the diverse data shown here with good accuracy and precision, even though they contain fewer variables than VS.
The models and data sets chosen for this study illustrate the utility of the STEAMM method, but are by no means all-inclusive. Instead, STEAMM provides a uniform mathematical groundwork for analyzing damped oscillations of any periodicity using any appropriate Markov model, regardless of symmetry. With this more powerful toolbox, it is now possible to analyze with greater confidence reaction models that extend the physical meaning of oscillations. 
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Appendix A
We may extend the approach used for the VS2 model (Eqs. [20] [21] [22] [23] to a more complex model in which only thermodynamically reasonable δ transitions are allowed (like VS2) and ε is linked to selected states, specifically the O 2 -releasing step. We hypothesize that reactive oxygen species generated in the S 3 → S 0 transition are selectively Table S3 . Experimental conditions are summarized in Table S3 legend. Table S4 . Experimental conditions are summarized in Table S4 legend. responsible for inactivations of PSII. This model is represented by the transition probability matrix denoted VZAD in Fig. 1 .
In the VZAD model, γ 0 = γ 1 = 1 − α − β, γ 2 = 1 − α − β − δ, and γ 3 = 1 − α − β − δ − ε. Using STEAMM, the transition probability matrix, A, can be decomposed into Supplementary Data Table S1 . VZAD model parameters for fitting data from Forbush et al. [5] using various nonlinear optimization algorithms (data shown in Figure 2 ). As described in references [5, 6] , isolated spinach chloroplasts were suspended in phosphate buffer, pH 7.5 and 0.1 M KCl to a final chlorophyll concentration of 0.2 mg/mL; 10 µM NADP + was added as an electron acceptor. An aliquot of chloroplast suspension was allowed to settle directly on a bare Pt electrode for 10 min creating a pseudo-monolayer. Flashes were generated by a xenon flash lamp (2000 V, 0.07 µF, t ⅓ < 1 µs Figure 3 ). Experimental methods are described in the legend of Table S3 . Fitting parameters for A. maxima whole cell data using various transition Markov models (data shown in Figure 4 ). Whole A. maxima cells were suspended in fresh Zarrouk medium, pH 10.2 containing 400 mM NaHCO 3 and concentrated to 100 µg Chl/mL. A 10 µL aliquot was placed on a homebuilt membrane-covered (Clark) electrode [36] . The sample was dark adapted for 5 min before being subjected to a train of 12.5 µs flashes from a 3 W red LED (6, Table S4 . Fitting parameters for G. violaceus whole cell data using various transition Markov models (data shown in Figure 5 ). Whole G. violaceus cells were suspended in fresh BG-11 medium, pH 7.2 and concentrated to 100 µg Chl/mL. A 10 µL aliquot was placed on a homebuilt membrane-covered (Clark) electrode [36] . The sample was dark adapted for 5 min before being subjected to a train of 12.5 µs flashes from a 3 W red LED (6, 
